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Introduction

This lecture explains the nonlinear control theory, especially Lyapunov methods.

Fundamentals of nonlinear system  Expressions of nonlinear system, vector field on
manifold, existence and uniqueness of ordinary differential equation

Exact linearization Exact 1/0 linearization, zero dynamics, semi-global stabilization
and peaking, Exact state linearization

Lyapunov method  Lyapunov function, dissipative inequality, passivity, Sontag-type
controller, input-to-state stability (ISS)

(BE) IWWEEBLS: NTTVUYRSRATFLOER (N1TUy RYZFLOETIL),
BEHRESBNS XATLAETI (GEREOHEAEARE), ETIILFAHE (GREBR
EHIERE, EABM T RGERSE, 4251 RE, 1751 VRE)
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This document

You can download this documentation (PDF) at

http://stlab.ssi.ist.hokudai.ac.jp/yuhyama/lecture/tokuron/

This document will be revised frequently.
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Nonlinear ordinary differential equation with input

Continuous-time nonlinear system:
o Input-Affine System (AJ17 7 1 > R)

m

= f(z) +G(x)u = f(r) + Zgi(x)ui
=1
y = h(z)

x - state, u(€ R™) - input, y(€ RY) - output
o General Nonlinear System

x - state, u(€ R™) - input, y(€ RY) - output
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State-space of nonlinear systems
System state = denotes a point of an n-dimensional C° manifold (C°° Z#k{K).

@ ('*° manifold: Hyper surface having a uniform dimension.
@ Infinite times differentiations are available on the manifold

C*-diffeomorhism

NG

ve¢' o For each point of the
manifold M, there exists a
—’ZL local neighborhood that is
C* diffeomorphic to R™(=
v n-dimensional Eucliean
C*_diffeomorhism space). = Local coordinate

@ There exists a C*° diffeomorphism between two neighborhoods, where its
domain is the intersection of the two set. = Coordinate transformation (EEAZ

i)
@ M can be covered by some neighborhoods.
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Tangent space

[Question] What space does 4 belong to?

Tangent space (¥%FM@) of a point p is
diffeomorphic to R™.

TpM ~ R™

Let T'M denote the union of the tangent spaces of all points.

In the local sense, both of x and & are n-dimensional. In the global sense, we
recognize that

zeM, (z,z)eTM.

@ Practically, it is useful to introduce a local coordinate to  which derives a
natural coordinate on the space of 7.

@ In a local sense, T'My; has a structure of direct product My; x R™. However,
it is not correct globally. = T'M may be ‘twisted.
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Tangent space (Example of 3D-rotation)

An attitude of a rigid body can be expressed by an orthogonal matrix with a
positive determinant R € SO(3).

R'TR=1I detR=1

= The degree of freedom is three

Kinematic equation:

R=SWw)R
0 w3 —Wy
Sw)=|—-wg 0 wyq
wy —w; 0

R belongs to a 3-D space when R is R cannot be determined by only w.
fixed. It is parameterized by a vector

The value of R is required to deter-
space w = (wy,wq,ws) . mine it.
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Conclusion of “nonlinear system expression”

@ The input-affine systems are well studied as expressions of nonlinear
dynamical systems.

@ The state z is a point of a n-dimensional differential manifold, and it is not a
vector space generally.

@ However, & belongs to a n-dimensional Euclidean space when x is fixed.

@ The right-hand side of © = f(z) is called a vector field (N7 kJL13).
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Solution of ODE

Problem

Given an ODE
= f(z), zeR"

with an initial condition z(0) = z,, find a solution z(t) (¢ > 0) of the ODE.

@ Does the solution exist? (FRDIZTEM)
@ Suppose that a solution exists. Is it a unique solution?  (FRDME—1%)
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ODE having no solution

An example of ODE having no solution:
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At a glance, the state tends to z = 0 in a finite time. After z gets to 0, the
derivative & should be also zero.

However, (z,4) = (0,0) does not satisfy the original ODE.
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ODE having multiple solutions

An example of ODE having multiple solutions:

@ = sgn(x) /]|

T

ime

—1+

The ODE with an initial condition (0) = 0 has an infinite number of solutions.
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Lipschitz condition

Definition
A map f(z) satisfies the Lipschitz condition on a connected open set U, if there
exists M (> 0) such that

If(z1) = f(zo)ll < Ml|lzy — 25| for all zy,2, € U.

= A weak concept of differentiability

If f(zx) is Lipschitz on the universal set (e.g. R™), f(z) is called globally
Lipschitz.

If for each z, there exists a neighborhood U, such that f(x) is Lipschitz on U,
f(z) is called locally Lipschtz.
Note that the values of M may be different for the neighborhoods.
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Lipschitz condition (example)

No Lipschitz Continuous but Lipschitz
(discontinuous) no Lipschitz

Locally Lipschitz Globally Lipschitz

but not globally

Lipschitz (y = 22)
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Sufficient conditions of the existence of a unique solution

o (Theorem of Picard-Lindel6f) If f(x) is locally Lipschitz, there exists a
positive T such that the ODE & = f(z) with an initial condition z(0) = z,
has a unique solution for 0 < ¢ < 7. The value of T depends on the initial
value z,.

o (Extension of the solution) If f(x) is globally Lipschitz, z = f(z),

x(0) = x, has a unique solution globally, i.e., for —oco < t < 0.

B An example of ODE having local solution: i = 23 (Locally Lipschitz)
i Finite Escape Time

[Finite Time BIowupJ

Time

In this case, the solution diverges in finite time.
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Sufficient conditions of the existence of solutions

o (Peano existence theorem) If the uniqueness of the solution is not required,
we can weaken the condition of the Picard-Lindeléf’s theorem, i.e., only the
continuity of f(x) is necessary.

@ A variance of the Peano existence theorem for time-variant ODEs exists.

o Carathéodory's existence theorem gives a further generalization.

@ For more details, see the following famous book of Coddington & Levinson:

E.A. Coddington, N. Levinson: Theory of Ordinary Differential Equations,
McGraw-Hill (1955).
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Exact linearization

Nonlinear plant + Nonlinear control law — Linear closed-loop system ‘

o Finally obtained linear system has a different coordinate of state from the
original nonlinear system. (Nonlinear coordinate transformation)

@ This method is based on no approximation, and therefore it is called exact
linearization.

@ The exact-linearization technique includes ‘exact input-output linearization’
(BEEA L IIHEHAL) and ‘exact state-space linearization’ (EXEEIRREZE AR
k).

@ As a mathematical tool, we use Lie derivative. Moreover, we also utilize Lie
bracket and Frobenius theorem for the state-space linearization cases.
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The case of mechanical system

Mechanical system (e.g. robots)
M(0)6 + c(6,0) + g(0) = u J

We can apply a feedback
w = c(60,0) + g(0) + M(9)v

to this system. The closed-loop system is linearized as 6=nv.

@ This is well-known technique in Robotics.
@ This method cancels nonlinear term via feedback.

Can we apply this method to general cases? }
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Concept of exact 1/0O linearization

For the system
&= f(z)+ G(x)u
= h(z)
we use a state feedback
u=a(z) + Bl

to exactly linearize the I/O behavior from v to y.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Linear system
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Lie derivative

Main mathematical tool of exact linearization = Lie derivative (1) —§43")
Lie derivative operators (') —#%EFI %) can be applied to general tensors, but

in our case we use only a subset.

o Lie derivative that is applied to usual functions
(Local coordinate expression)

h(z): M — R (a function of x)
flx): M —TM (vector field)

"~ Oh oh
L:h)(z) = —fi(x) = —(x)f(z
GRIEEDIF-JADES NG

o Repeat of the operators

(LyLsh) () = (Ly(Lsh))(x)
(Lh) (@) = (Lp(L (- (Lyh))))(x)

k—times
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Practical meaning of Lie derivative

Suppose that z(t) moves along a solution of the system without input
i = f(x)
Consider a function y = h(z). Its time derivative can be calculated as

dy Oh(x)dx  Oh(x) B
Iy _ M) dr_ OMD) pio) — (1) (o)

Lh is the time derivative of h(z), which is a function of z, along the trajectory ofJ

z = f(x).
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Differentiation of output by ¢

Consider a single-input single output system:

&= f(z) + g(x)u
= h(z)

Differentiation of output by ¢
. Oh dx Oh

U= 50 3 = 5 @) +a(@)u)
= (Lrguh)(@,u) = Lih(z) + Lyh(z)u

Applying L., to h(x), which is a function of z, is equivalent to obtaining the
time derivative of h(zx)

Linear cases:

y = C(Az + Bu) = CAz + CBu
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Is twice differentiation possible?

Question

Does .
d®y &
k= Lreault

hold generally?

The answer is NO. It is because the result of the first derivative

U= (Lypgh)(@(t), ult))
is not a function of solely x. It becomes a function of x and u generally.

_4d
T dt

¥ (Lppguh)(@,u) = Ly g Leh+ Ly g Loh-u+ - Lyh

— If L,h is nonzero and u(t) is nondifferentiable, y(t) is not twice differentiable.

To differentiate y(t) twice, L h should be zero generally. J
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If L,h # 0
o If in the time-derivative of the output
Y= Lsh(z)+ Lyh(z)-u
the coefficient of u is nonzero, i.e., (L h)(z) # 0, then

_ —Lsh(z) +v
N Lyh(z)

I/O behavior from the new input v to y is linearized = Canceling nonlinear terms J

@ For practical cases, a further feedback with pole assignment is required.

However, there exist cases with Lgh =0.
For example, the derivation of a physical position gives a velocity, which is a state
and includes no input term.

= Twice differentiation
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Twice differentiation of y

If L,h =0, y can be differentiated twice.

Assumption: L i =0

§=Lp g, Lsh = Lih(x) + LyLsh(x) - u

4
If L,Lh(x) # 0, the system can be linearized by

_ —L?h(:ﬁ) +v
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Three-times differentiation...

e Assumption: L ,h =0, L,Lh =0
d3y

U

If LgLfch(x) # 0, the system can be linearized by

L,L3h(x) dt3

=7

@ ...and so forth on.
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Relative degree

Definition of relative degree (¥B%1x%K)

The output y has a relative degree p at a point z, if there exists a neighborhood

U, of x4 such that
0

(LyL%h)(x) =0, i=0,..,p—2,"z €U,
(LoLf h) (o) # 0

If a relative degree p exists, the output can be differentiate p-times.

y = Lsh(z)
§ = Lih(x)

dr—ly
dtr~1
dpy P p—1 . . ..
— =LLh(x)+ L L "h-u |p-times diff. — u appears explicitly
dtr f 9= f

= L;ﬁlh(x)
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Relative degree of linear systems

@ Linear system

T = Az + bu

y=cz
is a special case of nonlinear system. —
flz)=Az, g(x)=0b, h(z)=cz
o Relative degree p of linear system
cb=cAb=cA%’b = =cAP2b =0, cA”'b+£0

— Difference of the orders of the denominator and numerator polynomials of
the transfer function (Equivalent to the usual definition)
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|/O exact linearization for SISO systems

o If the system has a relative degree p, the output can be differentiated p-times:

dPy _
i = Loh(x) + L,LY  hix) - u

o A feedback L) 4
u= fT
L,L%  h(x)
linearizes 1/O behavior as
dry
i =
o A further linear feedback of y = h(x), § = Lh(),..,d" 'y /dt? = Lfc_lh(x)

(= nonlinear feedback of x) can perform pole assignment.
Adding integrator or feedforward terms are also available.
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Vector relative degree

Consider multi-input multi-output systems (£ < m).
Definition:

The system has a vector relative degree (pq, .

.., Pg) at a point x, if there exists a
neighborhood U,, = of z, such that

(LgkL;hj)(x) =0, j=1,...,4i=0,...,p;, =2,
k=1,...,m, "z € U,
1 —1
LglL/}l hy(zg) - Lgle;l hy ()
rank :

=/

-1 ’ 1
LglL?Z he(f]}'o) LgmL?é hl(l'o)

=G(x)

Then, drly,
dtrP1

L hy(x)

: = : + G(z)u
P

v )~ \ugnn
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1/0 linearization of MIMO system

Suppose that there exists a vector relative degree
@ For example, by using a psuede inverse,

L?lhl(m)
u=G"'(2)(G(x)G (x))"" - 3 +o
L;’Zh[(:z:)
linearlizes the system as
dﬂlyl
dtP1
: =0
arey,
dtre

e For the cases of square system (m = £), the simple matrix inverse G(z) ™!

can be utilized instead of the psuede inverse G' (z)(G(z)G ' (x))~ L.
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Cases with no vector relative degree

Cases with no vector relative degree include

@ cases when a relative degree can be recovered by a linear output coordinate
transformation,

@ cases when |/O linearization is available by adding a linear reference model
system,

@ cases when |/O linearization is available by a dynamic feedback,

@ cases when |/O linearization is available by making a part of state space
uncontrollable by partial inputs,

@ and cases when |/O linearization is impossible.
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Example — Two wheeled vehicle (1)

Two wheeled vehicle

xl = ul COS ./,US
(x, +dcosxy,x,+dsinx;)

Ty = Uy sinzg

uy \ ,,,,,,,,,,,,,,,,,

(zq,2,) -+ Cartesian coordinate of the
center of axle

x4 *** Heading angle

uy *** Vehicle velocity (input 1)

uy *** Yaw rate (input 2)

T3

We consider an output which is the Cartensian coordinate of the front of the

vehicle
2z, +dcosz
Y¥=\z + dsinx
2 3

for the regularity of G(x).
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Example — Two wheeled vehicle (2)

Vector relative degree: r = (1,1)
Time-derivative of the output:

)= Glohu= [cos:z:3 —dsinxg} <u1>

sinzg dcoszg | \ Uy

If d # 0, G(x) is nonsingular.

Control law

| coszg sin a4 7, + k{r, — (x; + dcoszs)}
“= —sinwzz/d cosxy/d| \ 7, + k{r, — (v5 +dsinz;)}

(ry,7,) ** Reference coordinate of the front of the car
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Conclusion of exact /O linearization

@ Relative degree is defined as the times of time-derivative of the output where
an input appears explicitly.

@ By canceling nonlinear term and coefficient of the relative-degree-times of
time-derivatives of the output, exact /O linearization is realized.

@ In the exact /O linearization, a further feedback with pole assignment is
often used for the stabilization.

@ The order of the obtained dynamics representing /O behavior is equal to the
relative degree. Hidden dynamics will be referred in the next section.

@ Exact I/O linearization of MIMO systems are also possible, under the
assumption of the existence of vector relative degrees.
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Normal Form

@ The original system is n-dimensional, while the order of the |/O-behavior
dynamics in the closed-loop system is p.
What is the difference n — p?

e Coordinate transformation ®(z): z — (z',£7)7

2y = Wx), 29 = Lih(x), ..., 2, = L’;_lh(x)

The coordinate of £ should be chosen to make the Jacobian matrix
nonsingular.

Normal Form

Y=z
21:2;2

4= Lih(271(2,6) + LyLy  h(271(2,6)) -u
£ =(2,8) + (= u

In the case of SISO systems, making ((z,&) = 0 is possible by choosing suitable
coordinates.
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Selection of Coordinate for {(-) =0

The coordinate of £ should be chosen to establish ((-) = L £ = 0.

The number of the independent solutions of the partial differential equation:

0,

Lgf_ %9—

is n — 1. (Frobenius theorem, which will be described later)

The state of the |/O dynamics zq,..,z

,—1 are also the solutions.

The coordinate of £ should be chosen as n — p functions from the solutions that
are independent from 21412 p_1-
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Zero dynamics

Suppose that the output is restricted to zero, i.e., y = 0.

Time derivatives of y are also zero, so z = 0 holds. The input on the hypersurface
z=20Is

L, L (@71(0,))
LER(@71(0,6))

@ By substituting it, we obtain n — p dimensional zero dynamics

. L, L5 h(®-1(0,))
£=7(0.) — (0.7

This part vanishes when ((z,£) =0

@ When y is not zero,

» by giving the reference signal of y as a function of time, or
» by considering an exo-system that generates the reference of y,
we can define zero-error dynamics.
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Zero dynamics of linear system

Example of linear case:
ii—|:0 1}954—(1)71 1

11 1 = G(s) = 287

y=(0 1)z

Exact 1/O-linearization control law: v = —z; — 25 + v
Closed-loop system:

o =

For linear systems, exact |/0O linearization performs a pole assignment where

@ transfer zeros are canceled (= unobservable dynamics),
@ and rest poles are assigned to zero.
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Nonlinear non-minimum-phase system

Zero dynamics are invariant dynamics under feedbacks, which is similar to the fact
that in linear cases transfer zeros are invariant under feedbacks.

o Definition: The system is called non-minimum phase, when its zero
dynamics are unstable.

@ Exact |/O linearization is not applicable to non-minimum phase systems.
— It generates unstable internal dynamics which are unobservable.
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Stability of cascaded system

o Lemma: Consider a system

&= f(x)
2=9(2) +(z, 2)x

where & = f(z) and 2 = g(z) are locally asymptotically stable, and ~(z, z) is
differentiable. Then the system is also locally asymptotically stable.

@ However, even when & = f(x) and Z = g(z) are globally asymptotically
stable, The whole system may not be globally asymptotically stable.

25
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Global asymptotical stability

Due to this fact, the combination of
[Globally asymptotically stable zero-dynamics]
+ [Exact linearization with stable |/O behavior]
does not mean global asymptotical stability.

[Example]
System: However, the closed loop system
becomes
.'1:;1 = .'1/'2 + u
iy =z + 2373 +u Ty =—xy
L 2.3
y=ux Ty = —Ty + 21T
Zero dynamics: = same as the previous slide
i‘g == —SC2 (GAS)
Control law: v = —x; — 7,
1/0 behavior:
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Peaking

Does making the error system fast solve this problem? )

The answer is NO.

For the cases with relative degree 2 or higher, fast error dynamics may reduce the
stability region.

Peaking

For the cases with relative degree 2 or higher, setting large absolute values of
poles of error dynamics may cause large transient response.
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Conclusion of zero dynamics

@ When the relative degree is lower than the system dimension, exact /0
linearization generates “zero dynamics” which are unobservable.

@ Zero dynamics are invariant under feedbacks.

e Exact I/O linearization cannot be applied to nonlinear non-minimum-phase
systems. (It causes unstable internal dynamics.)

@ Even when the zero dynamics are GAS, the controlled system with |/0O
linearization may not be GAS. Moreover, due to the peaking phenomenon,
selecting poles cannot realize the enlargement of the stability region,
generally.
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Basic concept of exact state-space linearization

Exact 1/0 linearization is not applicable to nonlinear non-minimum-phase systems.
= Minimum-phase property depends on the definition of the output function h(x).

Problem J

Find an output function y = A(z) such that the relative degree is n.

@ Since n — p = 0, no zero dynamics exists for such an output.
@ Therefore, exact |/O linearization for \(x) establishes linearization of the
whole state-space. — Exact state-space linearization (ERZIKREZEREHFHAL)

Is the reverse proposition true?
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State-space linearization and existence of \(x)

o Assumption: There exist a state feedback u = a(z) + S(x)v (B(z) # 0)
and a coordinate transformation z = ®(z) such that the system can be
transformed into a linear controllable canonical form

0 1 0 0
“=lo w0 1 [*t]olV
_ao cee _ain71 1

@ For the output z;, the closed-loop system has a relative degree n. Since
feedback preserves the relative degree, the relative degree of the original
system is also n for the output.

Theorem

An SISO input-affine nonlinear system can be converted into a controllable linear
system by a state feedback, if and only if there exists an output function A\(x)
such that the relative degree coincides with the system dimension n.

IWT # (tBERE KEREREEMER) > 2T LEIERRER 2021 & HE—L 44 /161



Lie bracket (1)

Definition of Lie bracket (') —$E&il7&)
f(z), g(x): M — TM (vector fields)

[f,gl(z) = gz () — g—fg(x) (local-coordinate expression)

A measure of non-commutability between two vector fields.

T sec.
________ XZ8M -y
el o7 X
X :f(x) // : :f(x)

Tsec. / // .

/ Y T sec

/T
[ g0

G T sec.
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Lie bracket (2)

@ Various formulas (ay, ay: scalar constants)

g9l =—lg. f]
ay fi + ag fo, 9] = a1 [f1, 9] + aslf, 9]
fra191 +asgo] = ay[f, 1] + aslf, 9]
flg,pll + (9. [p, fI] + [p. [f. 9]l = O
(Jacobi identity)
laf, B9l =aBlf gl +a-(LiB) -g—(Lya)-B-f
Liyh=L;Lhi—L,L;i  (IMPORTANT!)

[/,
[
[
[

T # (ALBEXRE KERIEREEMER) > 27 LIRS 2021 & HE—L

46 /161



Conditions of the output function

Conditions for the relative degree n

Condition 1~ No input term appears until (n — 1)-times derivative

(LyA)(x) =0
(LgLeN)(z) =0

(L,L32))(z) = 0

Condition 2 An input term appears in the n-times derivative

(L L2 (z) # 0

These conditions will be reinterpreted by using Lie bracket.
Formula:

LiggA=LyL A — LyL A
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Condition 1

We will express condition 1 by first-order partial differential equations as

LA=0
=0
=0
=LA — Ly LypgA=0
—

=0

-2y _
Lyl A= (=1)"Lig (55,642 = 0
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ad; operator

Definition

Multiple application:
adkg = [£,[f~[f.g) -]
k—times
No action case:
ad(}g =g
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Another expression of Condition 1

Another expression of Condition 1

(LyA)(z) =0
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Condition 2

By considering Condition 1, Condition 2 can be expressed by

(L, L3 "N)(@) = —(Ly g L2 N)(@) + (L L, L3720 (2)
=0

— n—3 n—3
= Laazg L7 A = LyLig g LA

= —Loas LY A+ LyLogs LY\ — DL L3 2X + L3L, L5
= = (_].)nilLad?—lg)\ 7& 0
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Conditions for A

Consequently, we obtain the following conditions:

Conditions for the output function

The necessary and sufficient condition that the output function A(z) should
satisfy is
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Independence of vector fields

Consider vector fields
g,adgg, ... ,ad;}_lg

Reductio ad absurdum Suppose that ad’}g (kK <n—1)is linearly dependent
upon g, adfg,...,ad’}_lg. Then, there exist coefficients ¢; such that
adfg(z) = co(x)g(x) + ¢y (v)adyg(x) + - + ¢ _o(x)ad} ' g(2)
Then,
ad g(x) = co(w)ad () + (L yeo)(x)g(x)+
o gg(@)adfg(x) + (Lyeyp_g)(x)adf2g(x)
+ o (@) {eo(2)g(x) + ¢ (w)ad g (@) + - + ¢4 o (x)adf ' g(z)}
+ (Lycy_p)(x)adf g (x)

holds. Hence, ad’]i+sg(x) (s =1,2,...) are also linear dependent.
It contradicts the condition Lad}Hg)\(x) # 0. Therefore, these vector fields are
linearly independent under Conditions 1 and 2.
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Necessary condition (A)

We obtain

Necessary condition of vector fields (A)
Vector fields
g,adyg, ..., ad} g

are linearly independent. (=Sufficient condition of local accessibility)
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Integrability (1)

Condition 1 is equivalent to solving (n — 1) partial differential equations

(Lad?’ng) (.’E) =0

We do not consider trivial solutions (constant solutions), which do not satisfy
Condition 2.

) ox o L
<%ap(l‘>> - |:8_x177aj| p(x)—O, p_gvadfgv“'?adf g

= One form 9\/0x is orthogonal to g, adfg,...,ad?_Qg.
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Integrability (2)

In the n-dimensional space, there exists a nonzero one form that is orthogonal to
(n —1) vector fields g, adg,..,ad}?g.

4

Let w(z) be the one form. Can we generate a function A(z) with a scaling
function s(x) as s(z)(0A/0z) = w(x)?

The answer is negative. Further condition is necessary to the integrability.
— Frobenius Theorem
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Frobenius Theorem

o Consider g partial differential equations L, A= 0,...,qu)\ =0on (x €)R™,
where vector fields p; (), ..., p,(x) are linearly independent.

Frobenius Theorem

These PDEs have n — g independent solutions A (),..,A,,_,(z), if and only if the
distribution
A(z) = span{p; (), ..., p ()}

is involutive.

@ A distribution means a space spanned by some vector fields.
o Definition: Distribution A(x) is called “involutive”, if

[61,0,] €A, Y6, € AV6, €A

holds.
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Necessary condition (B)

A necessary condition of the existence of A(x):

Necessary condition for the vector fields (B)
Distribution
span{g(z),adg, ... ,ad’}2g}

is involutive.

T # (LBERE AEREREFMER) > 27 LR



Necessary and sufficient condition of exact state-space
linearization

Theorem
A necessary and sufficient condition of the exact state-space linearization is
@ The distribution
A, = span{g,ad;qg, ...,ad} g}
has a dimension n.
@ The distribution
A,,_; =span{g,adgg, ... ,ad?”g}

is involutive.

@ The necessity is obvious.
@ The sufficiency can be shown by constructing a control law.
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Construction of control law (1)

PDE LsA(xz) =0 (6 € A,,_;) has one non-trivial solution A(x).
#0
)
3 9,adg, ...,ad}g] = 0, ..., 0, Laap-1g/]

Regular (from conditions) Therefore, this is nonzero

Therefore, we can show

Lo\ = LyLA == L,L 2\ =0
L,LE'A 40

Hence the system has a relative degree n for the output A(z).

AT KE SRR FHITR) > 27 LIRS
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Construction of control law (2)

@ Coordinate transformation:

z; = A(x)
2o = (L A)(x
=A@
2y = (L} 1) (2)
e System with new coordinate:
0 1 0 0
“=lo - o 1|*" 0
—1
0o - 0 L¥AN+ L Ly X-u
o Control law: L;%)\(x) ;

=— +
L,Ly "Nx)  LyL} ")
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Example — Magnetic levitation system (1)

Magnetic levitation system: R €

. 2
M;;'MGK.< ! )
z+ 2z

., d ,
e=Ri+ %{L(z)z}

2K
L(z) = + Ly
z+ 2z
Magnetic levitation system
z —Gap between ball and magnet z, — Correction constant of gap
i — Current R — Electrical resistance
e — Voltage L(z) — Inductance (function of z)
M — Mass of ball L, — Inductance on leakage flux
G — Acceleration of gravity K (= poN%5/4) — Coefficient of force
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Magnetic levitation system (2)

Equilibrium when e = e, (constant):
Zg VKe,/(RVMG) — z,
i | = 0
e,/R

s

State: x = (2 — 2,,%,i — i)'
Input: u=e—e,

State equation:

Ko+, 0
i=|ag— T3 Tl + ( 0 ) u
Moy bzt 2ol )\ +2)
B 1 2Kxy(xg + 1)
o) = T 2 <Rx3 Tt ad >>
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Magnetic levitation system (3)

0
g(x) = ( 0 )
1/L(zy + z,)

0
2K<I3 + Zs)
adpg = [f,9] = | M(x, + +és)2L(m1 + z,)
L(wl =+ 25)2
2K ]
Y (z3 +QZIS/) Detail is omitted.
ad%g =[f,[f. 9]l = (1 + 20 +*ZS) (@1 +2) The first element
is nonzero.

Condition (A) is satisfied.

rankAz = rank{f, [f, 9], [/, [}, ]I} = 3
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Magnetic levitation system (4)

Condition (B) is also satisfied.

{9

The first element of a vector field in A, is always zero.

0
2K

M(ml + 20 + zs)zL(ml + xs)Q
0

lg: [f, 9] = €A,

= A, is involutive.

I/O linearization with an output A = z; attains the state-space linearization of theJ
system.
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Conclusion of state-space linearization

@ This method exactly linearizes a system via a state feedback and a coordinate
transformation.

@ A nonlinear system can be converted into a controllable linear system, if and
only if there exists an output function with a relative degree n.

@ It is relatively difficult to satisfy the condition, because it includes an
integrability condition.

@ However, most two-dimensional systems are exactly linearizable.

@ Some higher-order systems originally have structures of linearizability.
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Equilibrium

Equilibrium (E#1=)
For an autonomous system
&= f(z)

an equilibrium (point) = = z; is a point such that f(z,) = 0.

@ Redefinition of the state coordinate where the origin & = 0 coincides with the
equilibrium is often used. This procedure can be done without loss of
generality.

@ At the quilibrium, & = 0 holds, i.e., the state is retained under the flow (the
set of all orbits).

@ In this section, we consider the stability properties of an equilibrium.
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Definition of stability (1)
Boundedness (FRDE R %)

A solution of a system & = f(x) starting from a neighborhood of its equilibrium
x = 0 is bounded, if there exists a norm bound K (z(0)) such that
lz@)] < K(=(0)) (t = 0).

(Local) Stability — LS (FRFALEM)

An equilibrium = = 0 of a system & = f(z) is (locally) stable, if for any € > 0
there exists d(e) > 0 such that

|z(0)] < &(e) = ||l=(t;2(0))] < et >0

o (Stable) C (Bounded)

@ For systems whose equilibrium = = 0 is stable, a solution starting from a
neighborhood of the origin stays around the origin. For the case of limit
cycle, the solutions are bounded but the origin is unstable.

@ We call local stability ‘Lyapunov stability.

@ The subject of the stability is an equilibrium, and is not a system.
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Definition of stability (2)

Attractiveness (%5 |14%)

If there exists a neighborhood U of the origin such that a solution starting from U
satisfies |z (t;2(0))| — 0 (¢ — o0), the origin is called attractive. Then, U is
called a domain of attraction.

(Local) Asymptotical Stability — LAS (BFT#LEREM)

An equilibrium = = 0 of a system & = f(x) is called (locally) asymptotically
stable, if z = 0 is stable and attractive.

Asymptotically stable Neutrally stable Unstable

Lyapunov stable

T # (tBERE KERIEREFEMER) > 27 LIRS 2021 & HE—L 69 /161



Definiton of stability (3)

Global Stability — GS (KFEHZEM)

An equilibrium 2 = 0 of a system & = f(z) is called globally stable, if x =0 is
stable and any solutions are bounded.

Global Asymptotical Stability — GAS (AKIFHBIEHLZRE M)

An equilibrium z = 0 of a system 2 = f(z) is called globally asymptotically stable,
if z =0 is asymptotically stable, and its domain of attraction is the whole set of
the state-space.
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Concept of Lyapunov function

Candidate of Lyapunov function: V(z)
— A positive-definite function

V()
Definition of positive-definite
functions

o V(0)=0
o V(z) >0, z+#0

= Bowl-shaped function
[Ex.]

X1
X2
V(z) = 2% + 2,79 + 223

= (xy +29)* + 23

If V(x(t)) decreases monotonically, z(¢) tends to the origin. J

= If V(z) < 0 (x # 0), then the origin is LAS.
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Lyapunov theorem

Common condition: ’V(.T) is positive definite‘

LS: If LAS: If
@ V <0 around the origin, o V<0 (z#0)

the origin is (locally) stable. around the origin,

the origin is (locally) asymptotically

stable. |
GS: If GAS: If
e V<0, and e V<0 (z+#0),and
e V(z) is radially unbounded, e V(z) is radially unbounded,
then the origin is globally stable. then the origin is globally asymptotically
stable.

v

Radial unboundedness (Definition) (HGHIKICIFE REH)

V(z) oo (Ja] = o0)

v
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Lyapunov theorem gives a sufficient condition

’These Lyapunov theorems give ‘sufficient conditions. ‘

More specifically, we have to find the Lyapunov function by some means to show
the stability of a stable nonlinear system. All positive-definite functions are not
Lyapunov functions for a stable system.

However, there is a converse theorem in the sense of “existence theorem.”

Converse Lyapunov theorem

Consider the system @ = f(x) where f(-) is locally Lipschitz. Suppose that the
origin of the system is globally asymptotically stable. Then, there exists a C'*°
Lyapunov function satisfying the radially-unbounded condition.

There are various types of ‘converse Lyapunov theorems’. For example, see
Y. Lin, E.D. Sontag, Y.Wang: “A Smooth Converse Lyapunov Theorem for
Robust Stability”, SIAM J. Control Optim., 34(1), 124-160, 1996.
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Calculation of V

We want to know the stability of the origin of

&= f(z)

= What is the role of f(x) in the Lyapunov theory?

The vector field f(z) is used in the calculation of V().

V) =20 2 = 0 0y 1,V (z)

o Note that 0V/0x is a row vector in the local coordinate expression:

ov ( ov 8V)

%(IE = 8_;1,‘21_,“'7@

° Lf is the Lie derivative.
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If the Lyapunov fu
2

Radial unboundedness (1)

Vg <\

nction is not ‘radially unbounded’, ...

@ Locally asymptotically stable

@ The origin is not globally asymptotically stable. = The solutions
the separatrix, which is indicated light blue dotted curve, diverge.
T # (LBERE AEREREFMER)
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Radial unboundedness (2)

Consider a locally Lipschitz autonomous system @ = f(x). Suppose that V() is
positive definitq, radially unbounded, differentiable, and its partial derivatives are
continuous. If V() is negative definite, then

@ Any sub-level set S, = {z | V(z) < a} (a > 0) is compact, i.e., it is a
bounded closed set.

o From the compactness and the continuity of L,V (z), V(z) is upper bounded
on any level surface 9S, = {x | V() = a}, i.e,

V(z) <pla) <0, “ze€dS,, a>0.
Therefore,

V<pV)<0

holds, and it is guaranteed that V converges to zero.

Without the radial unboundedness, the compactness is satisfied for only small a.
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Weak Lyapunov function

@ Strong Lyapunov function: Positive definite, and V. <0 (xz+#0)

— Vis negative definite.
o Weak Lyapunov function: Positive definite, and V' < 0

— Vis negative semi-definte.

A weak Lyapunov function guarantees only that the state converges to the set
{z | V(z) = 0}. (Barbalat's Lemma) J

There exists a strong Lyapunov function around the origin that is asymptotically
stable. (Converse Lyapunov theorem)
However, finding an explit form of a strong Lyapunov function is often difficult.

4

Is it possible to ensure the asymptotical stability via a weak Lyapunov function
with some conditions?
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Barbalat's Lemma

@ For a function f(¢), f(t) = 0 (t = o0) does not imply that f(t) has a limit
at t — oo. [Ex.] f(t) = sin(In(t? + 1)).
@ Existence of a limit of a function f(t) at ¢ — oo does not imply that
f(t) = 0 (t = 00). [Ex.] f(t) = sin(t?)/v/12 + 1.
A weak Lyapunov function V(z) has a lower bound (V(z) > 0) and is a
decreasing function (V < 0), and hence there exists a limit V(z(+00)). However
it implies neither V(z(+00)) = 0 nor V(z(400)) = 0.

Barbalat's Lemma

If f(t) has a finite limit as £ — oo and if f is uniformly continuous (or f is
bounded), then f(¢) — 0 (¢t — o0).

Application of Barbalat’s Lemma to weak Lyapunov function

Suppose that there exists a weak Lyapunov function V(x). Assume that 0V /0x
and f(x) are locally Lipschitz, then V(z(t)) = LV (z(t)) is uniformly continuous,
because the trajectory remains in a compact set {z | V/(z) < V(«(0))}. Then,
from Barbalat’s lemma, we can conclude that V — 0 (¢ — c0).

v
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LaSalle's invariance principle

We consider a solution of & = f(x), where f(z) is locally Lipschitz.

If for any initial state x(0) included by a set Q, z(t) € Q (¢ > 0), then  is called
a positively invariant set.

LaSalle's invariance principle (LaSalle D ARZ[RIE)

Let €2 be a positively invariant set. Suppose that any solution starting from Q
converges to a set E(C ). Then, any solution starting from € converges to M
that is the maximal positively invariant set included in E.

In our case, Q is often regarded as a compact set {z | V(x) < a} (a > V(x(0))).

Asymptotical stability with weak Lyapunov function

Let V(x) be a radially unbounded weak Lyapunov function. Suppose that f(x)
and the partial derivatives of V(x) are locally Lipschitz. If the maximal positively
invariant set included in E = {z | V(z) =0, V() < a} is M = {0} for any

a =V (x(0)) > 0, then the origin © = 0 is globally asymptotically stable.
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LaSalle's invariance principle (cont.)

Proof:  Set Q = {z | V(z) < a} (a > 0), which is a compact positively-invariant
set. From Barbalat's lemma, for any solution starting from Q, V(z(t)) — 0 as

t — oo. Therefore, any trajectory starting from a point in {2 converges to
E={z|V(z) =0, V(z) < a}. From LaSalle’s invariant principle, we can show
that the state goes to M = {0} as t — oo. The above discussion holds for any
positive a (= V' (x(0))), and global Lyapunov stability of the origin is obvious.
Consequently, the system is globally asymptotically stable.
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Invariance principle — Example

Example

. 0 1
:C—Ax—[_l _1]ac

Vie)=z"Pz=2x' [(1) (1)] r = ? + 3

Time derivative of the Lyapuov function is
V(z)=xz"(PA+ ATP)x = —223

i.e., the state tends to a set £ = {x | x5, = 0} as t — oo.

We will apply the invariance principle. If z stays in E, 5 = 0 should be
satisfied. Only the origin satisfies x € E and &, = —x; — x5, = 0. Therefore,
the maximal positively invariant set included in E'is {0}, and the origin is globally
asymptotically stable.
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Conclusion of Lyapunov theorem

@ Monotone-decrease property of a positive-definite Lyapunov function V' (z)
guarantees the stability.

o Negative definite V(m) assures the asymptotical stability, while
negative-semidefinite V() shows only stability.

@ Radial unboundedness condition is necessary for global property.

@ The invariance principle with a weak Lyapunov function helps us to show the
asymptotical stability.
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Concept of dissipativity

Storage function (X b L — B8, ERBEE): V(z)
@ Virtual energy function

o Generally positive semidefinite. However, in this lecture we mainly consider
the positive-definite case.

Supply rate (#G3R): s(u,y)

@ Energy supplied from the environment par a unit time.
@ A function of the input u and output y.

Rough concept of dissipativity (B{i&%)

‘ (Increase rate of storage function) < (supply rate) ‘

(RHS)—(LHS) indicates the dissipation of the virtual energy (> 0).
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Definition of dissipativity

Definition of Dissipativity

A system is dissipative, if there exists a storage function V' (z) satisfying the

dissipative inequality (FU&AFE)

Vialt) = Vialty) < [ slutt), (o)

(]

@ V(z) : Storage function V(©0)=0, V(z)>0
@ s(-) : Supply rate

If Vis differentiable, the dissipative inequality is equivalent to
V < s(u,y)

— (Differential dissipative inequality)
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A condition of dissipativity

Assumption

All points are reachable from the origin by choosing input w.

If the required supply

u,ty

V7 (x(ty)) = inf (

/ 1 s(u,y) dT) , z(ty) =0

0

is positive semidefinite, the system is dissipative for the supply rate s(u,y) with
the storage function V().

As a matter of fact, a locally bounded available storage

—/ttl s(u,y)dt)

0

Va(2(to)) = sup (

u,ty

also becomes a storage function. It is clear that V (z) is positive-semidefinite
(Consider the case t; = t,). Moreover, all possible storage functions V' (z) satisfy
Vo(z) <V(z) < V().
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A condition of dissipativity (Cont.)

Theorem

Suppose the reachable condition. Then, the dissipativity is equivalent to

/ ' s(u,y)dt >0, x(ty) =0, "u(")

0

Proof of necessity: It is obvious by the substitution of z(t;) = 0 to the definition
of dissipativity.

Proof of sufficiency: If the condition is satisfied, the required supply V,. is positive
semidefinite. Hence, the system is dissipative for s(u,y) with V.

Note that the above condition needs no information on the storage function V().
This condition show the existence of V(x). J
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Various dissipativities

e Dissipativity for s(u,y) = 72|ul? — |y|*:
= Necessary and sufficient condition that the system has an L,-gain from
to y that is lower than or equal to 7.
e Dissipativity for s(u,y) = u'y:
= Passivity
e Dissipativity for s(u,y) = u'y — afu|? — b|y|*:
= Generalization of passivity (circle criterion)

The passivity will be discussed in the next section. )
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Definition of passivity

Definition of Passivity (&)
Dissipativity for the supply rate u .

i.e., there exists a positive-semidefinite storage function such that

V((t)) — V(at)) < / Tyt

0

@ The numbers of input and output are same.
o If V(z) is differentiable, it is equivalent to the differential passivity

VguTy
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Examples of passive systems

@ 2-terminal LCR circuit network, where the voltage is an input and the current
is an output. We can regard the supplied power rate and the energy stored in
the circuit as a supply rate and a storage function, respectively.

@ A mechanical system with a positive-semidefinite Hamiltonian is a passive
system, where the Hamiltonian, external forces, generalized velocities, and
the work rate by the external forces are considered as a storage function,
inputs, outputs, and a supply rate, respectively.

@ A generalized Hamiltonian system

i=(J—R) [gljr + g
y=g(z)" {?TI;} T

with a positive-semidefinite Hamiltonian H (x) is also passive, where J(z) is
a skew symmetric matrix and R(z) is positive definite.

OHY J[0H1" .
putinind it <yl
63;}]%{833} +y u<u'y

-]
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Connections of two passive systems

A Parallel connection of two passive A feedback connection of two passive
systems is also passive. systems is also passive.
Y1 u o+ o N y

System 1 System 1
u —Js_y. 7
j V2 Uy
System 2

System 2 Vs

Either subsystem has no direct
feedthrough.
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|/O transformation and passivity

....... Augmented System ...

u u y ‘
System 1 " Mx)T —

v

=
=

¥
v

An 1/0 transformation illustrated above preserves the passivity.

V(a(ty) — V(a(ty) < / "uTydt = / " M () Tyt

0 0

ty
= / uw' Ty dt
t

0
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IFP and OFP

OFP (Output Feedback Passivity) | IFP (Input Feedback Passivity)

A system is called OFP(p), if it is A system is called IFP(v), if it is
dissipative for dissipative for

s(u,y) =u'y —py'y s(u,y) =u'y —vu'u
............. Passive System ..., . Passive System ...
pl vl
N
> OFP(p) > IFP(v) [0
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Properties of IFP/OFP systems

Assume that « is a positive constant.
o If a system X is OFP(p), aX is OFP(p/a).
o If a system X is IFP(v), aX is IFP(awv).
@ In the feedback connection, OFP(—p) can be cancelled by IFP(p),

—0——| OFP(—p) |——

i.e., this inter-connected system is passive.
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Stability of passive system (1)

Stability theory with a positive-semidefinite Lyapunov function
Suppose that there exists a Lyapunov function V' (z) such that

V(0)=0, V(z)>0, V<o
Then, E = {z | V(z) = 0} is a positively invariant set which includes the origin.

If the origin is stable for the restricted dynamics on E, the origin for the original
system is also stable.
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Stability of passive system (2)

Stability properties of passive system

Consider a passive differentiable system & = f(x,u), y = h(x,u) with a storage
function V().

@ If the storage function V() is positive definite, the system with u = 0 is
stable. In addition, if V(z) is radially unbounded and positive definite, the
system with u = 0 is globally stable.

@ If the system with u = 0 is zero-state detectable, the zero-input system is
stable.

© Suppose that the system has no direct feedthrough, i.e., the output function
can be expressed as y = h(x). Then, a feedback u = —ky (k > 0)
asymptotically stabilizes the system, if and only if the closed-loop system is
zero-state detectable.
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Zero-state detectability

Consider a system,
& = f(z,u), y = h(z,u).
Zero-State Detectability (ZSD; ¥ ORAEEAI#& H1%):
The system is called zero-state detectable, if y = 0 yields
z(t) = 0 (t — o00)

Zero-State Observability (ZSO; + IRRERTER AN ):
The system is called zero-state observable, if y = 0 yields

For linear systems, ZSO coincides with the usual observability, and ZSD is equal
to the usual detectability.
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Proofs

@ For u =0, the supply rate becomes zero. By regarding V(zx) as a Lyapunov
function, V(z) < 0.
@ Since V(z) > 0, for the point with V(z) =0,

0<V(z) <u'h(z,u), for u

holds. From the differentiability of h(z,w), it can be decomposed as h(z, u)
= h(x,0) + n(x,u)u. Therefore, when V(z) =0, u' h(z,0) +u'n(z,u)u >
0 for all u, which derives that h(x,0) = 0. Hence, for a system & = f(x,0), a
maximal positively invariant set contained in {x | V(x) = 0} is also included
in {x | h(x,0) = 0}. From the zero-state detectability, the state converges to
the origin on the set {z | V(x) = 0} Consequently, from the theorem, which
is shown in previous slide, the origin is stable.

@ As the proof of 2, y = h(z) = 0 holds, when V(z) = 0. Because V <
—kh(z)"h(z), the state converges to the set {z | h(z) = 0}. On the set, the
input is zero. From ZSD of the system with zero input, the state tends to the
origin as t — 0o. The necessity can be also shown in a similar way.
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Feedback connection of IFP and OFP systems

System 1 is dissipative for the supply

u U N1 Y
System 1 rate
Uy Yy — Pyl Y1 — ViU Uy
Y2 u2
System 2 with a storage function V;(z;).
Suppose that Systems 1 and 2 with ratintem 2is dissipative for the supply

uy =0, uy =0 are ZSD.
Consider the case of u = 0. Wy — poyd s — vau uy
with a storage function V;(z,).

Q If v, + py >0 and v, + p; > 0, then the closed-loop is stable.
Q If vy + py >0 and v, + p; > 0, then the closed-loop is asymptotically stable.

If V; and Vj, are positive definite and radially unbounded, The properties of 1. and
2. are “global.”

Hint of Proof: Consider a Lyapunov function V; + V5.

IWT # (LBEXE KFERIEREEMER) > 2T LEIERRER 2021 & HE—L 98 /161



The case of static feedback

Assumptions: B System 1 with u; = 0 is ZSD.
M V] is positive-definite and radially unbounded. J

We regard a simple static feedback law y, = Ku, as System 2, where K is a
positive-definite matrix. J

Let A,;, denote the minimal eigenvalue of K, and A, the maximal eigenvalue
of K. The storage function of System 2 is zero, because it has no state variables.
For py > 0, vy with A, — PaAiax — Vo > 0, the following inequality holds:

min

2
max

T T T 2 T
Uy Yo — PaYa Yo — Vallg Uy > (A — PoAiax — Va)Ug Us > 0.

For 3py > 0, 2vy with A — po A2, — vy >0, if 1) 4+ py >0 and vy + p; >0,
then the closed-loop system is GAS.

Especially,

When System 1 (v; = 0) is OFP(p,), the closed-loop system is GAS for K with
large eigenvalues. Moreover, for passive System 1 (p; =0, v; = 0), any
positive-definite K makes the closed-loop system GAS.

&
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Theorem of Hill & Moylan

Input-affine system:

Theorem of Hill & Moylan, 1976

This system is dissipative for a supply rate

s(u,y) =u'y—py'y—vu'u

with a differential storage function V' (z), if and only if there exist a functions ¢ :
R™ — R* with a suitable & and W : R” — R**™ satisfying

Tq(x) — ph(e) h(z)
T —2ph(2)"j(2) — ¢ ()W (a)
W (@) TW(z) = —20I + j(a) + j(2)T — 2pj(2) Tj(x)

v
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Corollaries of theorem of Hill & Moylan (1)

Theorem of Hill & Moylan derives the followings:

Relative degree of IFP system

If a system is IFP(v) for a positive v, j(x) is a regular matrix, i.e. the system has
a vector relative degree zero.

Proof: Since p =0, j(z) + j(x)" = 2vI + W (x) "W (x) is regular.
Storage function of passive system (IMPORTANT)
If a system satisfying j(x) = 0 is passive with a storage function V' (z), then
LV <0
L,V(z)=h(z)"

holds, i.e the system is Lyapunov stable and the output function is explicitly
restricted by the above equation.

Proof: Since p =v =0, W(x) =0 holds. From the theorem of Hill & Moylan,
the proof is obvious.
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Corollaries of theorem of Hill & Moylan (2)

Relative degree of passive system

If a system with j(z) = 0 is passive with a storage function V (), and if the
output functions are independent, the system has a vector relative degree one
around the origin, i.e., (L,h)(0) is regular.

Proof: Since OV /0x(0) = 0, we obtain

o= (s 5) o

We can express 92V /0x2(0) as R" R, because it is positive semidefinite. The
independence of the output function means that Oh/0z has a full rank, and
therefore rank Rg(0) = m holds. Consequently, we can conclude that

rank (L,h)(0) = rank {g(0)"R" Rg(0)} = m
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Linear passive system (1)

We will apply the theorem of Hill & Moylan to linear systems.

Linear passive system with a positive-definite storage function

Suppose that a linear system & = Az + Bu, y = Cx + Du is passive with a
positive-definite quadratic storage function V(z) = 2" Pz/2 (P > 0). Then, there
exists matrices L and W satisfying

PA+ATP=—LTL
PB=CT—-L"W
WTW =D+ DT

Espacially, for the case with D = 0,

PA+ATP<O0
PB=CT

holds.
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Linear passive system (2)

Positive Real (IE3EM)

A linear square system H(s) = C(sI — A)~'B + D (minimum realization is
assumed) is called positive real when the followings are satisfied:
Q Re()\(A) <0, i=1,..,n
Q@ H(jw)+ H(—jw)" >0, Yw ¢ X\;(A)
@ All eigenvalues s; of A on the imaginary axis are simple, and their Residue
matrices 515151 (s — s;)H(s) are Hermite and positive semidefinite.

Positive Real Lemma

A passive linear system with a positive-definite storage function is positive real.
Conversely, a minimum realization of a positive real system H(s) is passive with a
positive-definite storage function.
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Linear passive system (3)
Strictly Positive Real (3RIEZEM)

A linear square system H(s) = C(sI — A)"'B + D (minimum realization is
assumed) is called strictly positive real when the followings are satisfied:

Q@ Re()\;(4)) < 0, i=1,...,n

Q@ H(jw)+ H(—jw)" >0, VweR

Q@ H(o)+ ) >0 or lim w?(™ 9 det[H (jw) + H(—jw)"] > 0, where

w—00

H(co
q = rank[H (c0) + H(o0)].

Kalman-Yakubovich-Popov Lemma (KYP Lemma)

A system is strictly positive real, if and only if there exist P > 0, L, W, and € > 0
such that

PA+ATP=—-LTL—¢P
PB=C"—-L'W
WTW =D+ D"
Especially, when D = 0, simplified relations PA + ATP < 0 and PB = C hold.

A
T = = — Tyt

T # (LBERE KEREREEMIER) > 2T LEIERRER 2021 & HE—L 105 /161



Linear passive system (4)

Suppose that for some positive constants €, €,, a linear system is dissipative for
uly—euu—ey'y
and ZSD with zero input. Then, the system is strictly positive real.

Proof: From the Hill-Moylan's theorem and the ZSD property, the linear system
with zero input is asymptotically stable. The system is obviously IFP(e;), so
G(s) = C(sI — A)"B + D can be expressed by a parallel connection of ¢; 1 and a
passive system G (s). Therefore,

G(jw) + G(jw)" = 26,1 + Gy (jw) + Gi(jw) " >0

for w € R. Moreover, G(jo0) + G(joo)" is also positive definite.
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Sector nonlinearity

Various different definitions of sector nonlinearities (122 Z BUIEIRRIME) exist.
This lecture adopts the following definition.

A locally-Lipschitz static function y, = ¢(u,) satisfying

2 2

_oz-i-ﬂ
Yo 9

Ug

5t

is called sector nonlinearity of («, ).

When § = oo, by taking limit, it is defined as

T T
Ug Yo = Qg Usg
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Scalar /O case

When the input and output are scalar, the sector nonlinearity is defined as
aus < uyy, < fuj

Y
Y, = Bu, —

V2 T

o,

DA



Absolute stability

When feedback connected systems with System 1 and all sector nonlinearities of

(v, 3) are GAS, System 1 is called absolutely stable (¥8X3%Z27E) for sector
nonlinearities of (o, 3).

0—vg- o Swem 1
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Sufficient condition of absolute stability
Suppose that System 1 has no direct feedthrough, and is ZSD with zero input.

A sufficient condition of absolute stability for sector nonlinearities of («, §) is that
the parallel connected system of System 1 and a static gain function (1/6)I is
OFP(—F) with a radially unbounded positive-definite differential storage function

V(x), where k = aB/(B— @), @ =a —e€,, B = +e, for e, >0, and e, > 0.
Let 8 = 400, when 8 = +o0.

¥ u + AR
0 System 1 ¥ Y
_ |
V2 U, + i,
i +
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Proof of the sufficient condition
Proof From the OFP property, we get
V < (ug + kg ) = =ity (y, — kit)

By substituting uy = uy + yg/ﬁ_ into the definition of the sector nonlinearity, we
obtain @iy (yy — kiis) > 0 (y, # 0). Hence, V < 0 (3, # 0) holds. Note that

Yy = 0 means u; = 0 and y; = 0. Since System 1 with zero input is ZSD, the
feedback system is GAS.

+ U A
0 System 1 ¥ Y
_ 1
Y2 Uy + i,
i +
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Another expression of the sufficient condition (1)

The sufficent condition is equivalent to the passivity of the following figure:
ap /(p—a)
1/B)I

System 1
; » ystem

Moreover, since v’ = /(8 — «) - (uy + ay,) and y' = u; /B + vy, it is also
equivalent to the passivity of the figure below.

1/
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Another expression of the sufficient condition (2)

Since
Wy = (uy +ayy) (uy/B+y,)

C_v+/8_ T 1 T dﬂ_ T }
= = U + Uy Uy + ——=
3 {191 a+p 1 U1 d+ﬁy1y1

by choosing €; = €5, we obtain the following lemma.

Suppose that (a + 5)/8 > 0. Then, the sufficient condition for the absolute
stability is equal to the dissipativity for the supply rate

1 af _
u' +—uTu+( —e) r
g a+f a+p 70

for some positive €.
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Stability margin of linear system (1)

Consider a Nyquist plot of an SISO strictly-proper linear system Gy (s).
For simplicity, we assume that no pole of G(,(s) is on the imaginary axis, and that
it has p poles on the right-half plane of the complex plane.

Gain Margin (71 > 5R#8)

A system has a gain margin for («, ), when the Nyquist plot turns around
—1/k+ jO (V& € [o, B]) p-times counterclockwise.

Sector Margin (27 ZR1#43)

A system has a sector margin for («, 3), when it is absolute stable for the
nonlinear sector of (o, 3).

v

= = = = =
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Stability margin of linear system (2)

Disc Margin (FI#8:R4)
A system has a disk margin for D(c, 3), when its Nyquist plot turns around the

- 1/1 1 A 1/1 1 i
circle centered at —5 <a + B> + 70 with a radii 3 <a — B> p-times
counterclockwise without contact. In this lecture, the contact is prohibited even
for G(joo). However, only when 8 = 400, we allow contacts between the Nyquist
plot and the disk at the origin.

v

Let D(«, B) denote this disk.

4.1, _lHC‘ | e
o B /
______ e -
C 1

T # (tBERE KERIEREFEMER) > 27 LIRS 2021 & HE—L 115/161



Disk margin and positive realness

We assume 3 > 0.

Disk margin and positive realness
If Gy(s) has a disk margin for D(a, ), if and only if

. Gy(s) + (1/8)
G(s) = 202/ T A/ 7/
() = =G + 1 ~_Same
is positive real.
System 1 is absolutely stable, if the When System 1 is linear with G (s), the
following system is OFP(¢) for some condition of the absolute stability is
positive e:
W/ Lly] _ Gols) +(1/B)
fi Llu”] aGy(s)+1
ey '71’ System 1 RIS 0
a[ . .
is passive.
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Disk margin and positive realness (cont.)

@ Since we only consider the minimum realization, the observability is satisfied.
@ A positive-real linear system is always passive. -
@ When 8 = +00, we choose § = co also, i.e., —1/8=—-1/8=0.

Consequently, we obtain the following result.

Disk criterion (circle criterion; FIR&&{¥)
If Gy(s) has a disk margin for D(a, ), it has a sector margin for (a, 3). J

Generally, the converse of the above is not established.
’(Gain margin) D (Sector margin) D (Disk margin) ‘
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Disk margin and IFP/OFP

For controllable and observable linear system, the following facts are established.

OFP and disk margin

The followings are equivalent to each other.

Q A linear system is OFP(—a + €) with some positive €.

@ The system has a disk margin for D(a, 00).

@ The feedback connection of the system and all IFP(v)
(v > ) GAS linear system is GAS.

IFP and disk margin

A system is IFP(—1/5 + €) for some positive ¢, if and only
if it has a disk margin for D(0, ).
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A Review of analytical mechanics

Generalized position: ¢ = (q;,...,q,)"
External forces: u = (uy,...,u,)"
Kinetic energy: T'(q,q)

Potential energy: W (q)

Lagrangian: L=T-—-W

Euler-Lagrange equation:
N T
at \ 2, T =u;, t=1,...,n
Vector expression:
d [aL]T B [aL]T .
dt | 94 dql
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Usual mechanical system

Kinetic energy of usual mechanical systems can be expressed by quadratic form

(TRFER)

T(q,d) = 5i" M(g)d

where M () is a positive-definite inertia matrix (TEM1T5).

Euler-Lagrange equation of usual mechanical system

M(q)§+c(q,d) + 9(q) = u
c(¢,9) = ¢1(¢,9) + ¢2(a, 9)
aland) = | 2500

T T
%an(q)Q)} (centrifugal forces)

] G (Coriolis forces),

() =3 |

=
9(q) = {%—I;V} (gravity forces)

= = =
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Hamiltonian
oL’
Generalized momentums: p = [a—}
q

Inverse transform: ¢ = ¢(p, q)
Hamiltonian

H(p,q) = [¢"p — L(g, )] |q':¢(p,q)

For quadratic kinetic energy T' = ¢' M (q)q/2 cases, ...

Generalized momentums: p = M (q)q
1
Hamiltonian: H = ipTM(q)*lpjL W(q)

Hamiltonian expressed by ¢ and ¢:

1
H ziq'TM(q)q‘JrW(q) =T+W
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Legendre transform

Infinitesimal displacement of L: dL = [a—L] dqg + {a—L

d
a4 &J q
Infinitesimal displacement of H T T
expressed by p, ¢, and L: dH =q dp+p d¢—dL

By substituting dL, from the definition of p, the term pTdqg is canceled, and we

obtain oL
dH = ¢"dp — {—} dq
dq

Finally, we get
oH T
) =
{8.’{] B [8L]
/ —t . \
Partial derivative when H is a Partial derivative when L is a

function of p, ¢ function of ¢, ¢

Such a change of coordinate is called Legendre transformation. J

™ = = = Ty

T # (LBEXE KERIEREEMER) > 27 LR 2021 & HE—L 122 /161



Canonical equation

From Euler-Lagrange equation, we get

p= m
8q
I ir a||y, we Obtain

Hamilton's canonical equation (Hamiltonian system)

Equation of motion expressed by p and g¢:

i
=[5

: oH1'
p:—[a—q] o
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Passivity of Hamiltonian system

Port-controlled Hamiltonian system

Hamiltonian system with 1/0

-_[6_Hr

-5+

p= B U
oH1" .

v=[5) =0 J
H:uTy

Port-controlled Hamiltonian systems is passive with storage function H.
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Simple linear-feedback cases

We will consider control of port-Controlled Hamiltonian systems.

Assumptions

@ The kinetic energy can be expressed by a quadratic form
T =q¢"M(q)q/2=p M(q)"'p/2 (M(q) > M, > 0).

o There exists a minimum value of the potential energy W (q). Without loss of
generarity, we set the minimum value zero.

Under a simple feedback u = —ky = —kq, H = —ky'y = —kqd' ¢, i.e., p— 0

(t — 00), which means that the closed-loop system is stabilized. Furthermore, if
W is positive-definite and radially-unbounded with respect to ¢, and if OW /dq #+ 0
(z # 0), then from the invariance principle the closed-loop system is GAS.

Feedback w = —kg (D-control):
An equilibrium such that W (q) = 0 is asymptotically stabilized. J

[Next slide]: We can change the potential T/ to a desired function.
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Modification of the potential function

Desired potential function: W(q) (Positive-definite and radially-unbounded
with respect to ¢, and OW/dq # 0 (z # 0))
New Hamiltonian: H(p,q) = H(p,q) — W(q) + W(q)

=T(p,q) + W(q)

o o’ o’ 6HT+[6W]T_ aw)’
apl |lop] dql | dq Oq Oq
By substituting these to the canonical equation, we get

. [om]’

q= ap

o WT_{@W}Z e,
P="19q dq dq “

y= {E(;I;]T( q)
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Canonical transformation

We will determine the feedback such that the closed-loop system becomes another
canonical equation with the new Hamiltonian.

o'

Input transformation (feedback): = g(q)— [8_q] +u
Obtained port-controlled Hamiltonian system:

a

= o B [BHT(_ )

: {aﬁ]T _ op !

pP=—|5-| Tu

dq

v

@ A canonical transformation, which consists of the modification of Hamiltonian
and feedback, derives another port-controlled Hamiltonian system.

@ The transformed system is also passive, and asymptotically stabilizable by
u = —ky, where the state converges to the minimizer of the new potential,
which can be designed freely.o
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Quadratic case (1)

We consider the case where the new potential has a quadratic form.

W= %(q— @) (a—q)

where k; > 0 and g, is the reference point of q.
Input transformation:

u=yg(q) —ki(g—qy) tu

U_nder a further feedback & = —kyy = —kyq (ko > 0), the equilibrium such that
W(g) =0 (i.e., ¢ = qp) is GAS. J
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Quadratic case (2)

Finally obtained controller for the quadratic cases J

u=g(q) —kag—Fki(q—qp)

@ ¢(q): Cancelation of gravity.
e —kyqg: Virtual viscosity friction: D(differential)-control.
e —(q—qy): Virtual spring force: P(proportional)-control.

PD control with the cancelation of gravity makes the closed-loop system GAS. )

Despite the nonlinearity,
combination of "cancelation of gravity” and "linear feedback"
globally asymptotically stabilizes the system.

= Control utilizing the intrinsic property of the controlled object
(dynamic-based control)
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Example (1)

A weight with mass m is sliding on

a beam without frictions.

@ The weight is supported by two
springs, whose synthetic spring
constant is K.

@ The beam rotates centered at a
point O. The length OP in the
figure is L.

@ The center of gravity of the beam

without the moving weight

coincides with O, and its moment

of inertia is J.

@ Let GG denote the acceleration of gravity.

@ The rotation axis is driven by a torque input 7.

@ The controllability condition of the linearly approximated system holds, i.e.,
LK #+ mG.
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Example (2)

@ Let z denote the position of the moving weight from the point P, and 6 be

the angle of the beam.

o Let g =(qy,q5)" = (0,2)" be the generalized-position vector,
i=(q,4,)" = (0, %) the generalized-velocity vector, p the
generalized-momentum vector.

@ We regard u = 7 as the input. The state vector is
x=(¢",¢") =(0,2,0,2)", ori=(q",p")".

Kinetic energy:

J. ) .
T= 5%+ %{(zQ L) 42002 + %)

1. 1+ [J+m(L?+2%) mL] .
_ 5T _ ;5T
=54 M(9)i= 54 L m |4

Potential energy:

K K
W = 522 +mg(L+vy,,) = 522 + mg{L(1 — cosf) + zsin 6}
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Example (3)

Lagrangian: L =T —W
Euler-Lagrange equation:

M) +eta) = (g

o(q,d) = 2m20% + mG(zcos  + Lsin6)
©9= —mz0? + Kz + mG sin 0
Generalized momenta: p = M(q)q

1
Hamiltonian: H = ipTM(q)’lp + Wi(q)
Canonical equation:

O0H
q= a_p(_ Q)
_ oOH T
p dq 0
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Example (4)

Actually, the Hamiltonian is not positive-definite.

- k
Modified Hamiltonian: H = H + éq%

H(Z) is positive definite, if k, > m2G?/K.

Input transformation: v = —k;q; +v
Transformed canonical equation:

OH

= 5_p(: q)

q

,__8i{+ v
p= dq 0

y:(?_pl:ql

This system is passive.
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Example (5)
We will check the ZSD of this system. Suppose y = 0 and u = 0. Then,
¢, =0 =10, (const.), ® =0, and § = 0 hold, and the motion equations become

mLZ +mG(zcosOy + Lsinb,) + k0, =0
mz+ Kz+ mGsinf, =0

By eliminating Z from these equations, we get
k10y = 2(LK — mG cos )

If LK —mGcosf, # 0, zis a constant z,(= k,0,/(LK —mG cosb,)). By
substituting z = z,, 2 = 0, and Z = 0, and eliminating z,, we obtain

Kki0y + mG(KL — mG cosf,)sin b,
212

= Kky0, + mGKLsin 6, — —

sin 20, =0

For k; > max{m?G?/K,mG(KL + m@G)/4}, the sign of LHS corresponds to the
sign of 6, and therefore § = 6, = 0. Moreover, from the relation between 6, and
2o, # = 25 = 0 should hold.
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Example (6)

If LK —mGcosfy =0, then 6, = 0 must be satisfied. This case appears only
when LK = mG. (resonance condition)

However, it contradicts the assumption of the controllability of the linearly
approximated system. Hence, we can show that LK — mG cosf, # 0.

Consequently, we can conclude the zero-state detectability of the system for
k, > max{m?G?/K,mG(KL + mG)/4}. Then, the feedback v = —k,y globally
asymptotically stabilizes the origin.

Globally-asymptotically-stabilizing control-law

u=—kyq — kg
where k; > max{m?G?/K,mG(KL +mG)/4} and ky > 0.
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Passive output including positions (1)

Usual passivity-based control has an output that coincides with generalized
velocity vector.

It may hinder the further utilization of the passive property, for example extention
to passivity-based remote control.

It is useful to make the output include position information. J

o New generalized momentums: p = p + AM(q)(¢ — qo) (A > 0)
~ 1
e New Hamiltonian: H(p) = i”TM(q)‘lfy
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Passive output including positions (2)

Converted system
oH1"
s | &2 _ —A . M 1~
q {ap} (¢ —qo) + M(q)~p
2 OH7' -
b= 32| +MM@H +0}+ut Fue
@ Blue term: Additional dumping.
off| '
@ By making the red terms equal to J(p, q) 8]3] , a new passivity-based

control law can be derived, where J(p, ) is a skew symmetric matrix.
@ The closed-loop system is a cascaded connection of a generalized
Hamiltonian system and a GAS system. Usually, it is assumed that | M (q)

is bounded to avoid finite-time divergence.
T
- OH .
@ The new output is §j = 5 =G+ MNg—qp)-

= Useful for position synchronization in bilateral manipulator system.

~
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Necessary condition of Lyapunov function of the closed-loop
system (1)

Assumption

For a system
&= f(z) + g(z)u

a stabilizing static state feedback u = «(z) is designed with a radially unbounded
Lyapunov function V' (z), such that the closed loop system

i = f(x) = f(2) + g(z)a(2)
is GAS with V(z).

What is the condition that V(z) should satisfy?
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Necessary condition of Lyapunov function of the closed-loop
system (2)

Since oy
V= 5| (@) + gl@rata))
= LV(@) + (LV(@)a() <0, (@40,

at a glance, it seems that by choosing o large with the opposite sign of L V, we
can always make 1 negative.

However, At a point such that L,V (z) = 0, the input u = a(x) is not directly
effective on V.
= At such points, L,V <0 (z # 0) is necessary.

Necessary condition of Lyapunov function
At a point such that L,V (z) = 0 and x # 0, the inequality LV (z) < 0 holds. J

This condition is independent from the choice of the control law a(xz).
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Control Lyapunov function

Control Lyapunov function; clf

A function V(x) is called a control Lyapnov function of a system
& = f(x) + g(x)u, when

e V(x) is smooth radially-unbounded positive-definite function, and
o L;V(x) <0 holds at a point such that L V(z) = 0 and = # 0.

This is a necessary condition for the Lyapunov function of the closed-loop
system.

In the following slides,...

We will show that the existence of a clf yields the global asymptotical
stabilizability by a state feedback u = a,(x), where we allow the local
unboundedness around the origin.
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Sontag-type control law

If a cIf V(z) exists,
Sontag-type control law

u=ay(r) =
LV + \/ (LV)? + (LV(L,V)T)?
- LV (L V)T
0, LV =0

(L,V)T, L,V #0

globally asymptotically stabilizes the system.

For the purpose of the asymptotical stabilization, only finding a clf achieves the
objective, instead of the direct design of control laws.
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Global asymptotical stabilization by Sontag-type controller

We will confirm that the Sontag-type controller globally asymptotically stabilizes
the system.

We will calculate the time-derivative of the clf under the Sontag-type controller.
e When L,V #0,

V=L,V +L,Va,(z)
=LV —{LV + (V)2 + (LV (L))}

- _\/(Lfv)2 +(LV(LV)T)2 <0

@ When L,V =0 and x # 0,

V=LV <0

Hence, Vis negative definite. = Consequently, the closed-loop system is GAS.
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Continuity of Sontag-type controller

Is the Sontag-type controller o, (x) locally bounded around the hyper-surface
L,V =07
g

Lemma: A function

0, ifb=0and a <0
¢(a,b) = _at+var+b?

b , elsewhere a

is real analytic on S = {(a,b) € R? | b > 0 or a < 0}.

Proof: Consider F'(a,b,p) = bp? — 2ap — b = 0, which is a quadratic equation
with respect to p. lts solution on S'is p = ¢(a,b), even when b =0 and a < 0.
Because

%g(a, b, ¢(a,b)) = 23/a? + b2 £ 0, (a,b) € S

we can conclude that ¢(a,b) is real analytic, by the implicit function theorem.
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Continuity of Sontag-type controller (cont.)

Real analyticity except around the origin

For a clf V(z), the Sontag-type controller o () is real analytic except around the
origin.

Brief proof: By substituting a = L,V and b = LgV(LgV)T into the lemma on the
previous slide, we get

(z) = 0, z=0
ST oLV L VLV )LV)T, @£ 0

Obviously, a () is real analytic except around the origin.
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Sontag-type controller around the origin

Is the Sontag-type control law continuous around the origin?

Is the Sontag-type control law locally bounded around the origin?
LV=0
8

m) —0
o (x) — 272?

0, (x) = 2272

o (x) > 0
It is not guaranteed that a,(z) converges to zero when x approaches to the origin
from the area of LV > 0. It depends on the ordres of L,V and LV with respect

to x around the origin.
= Sontag's controller o, may diverges around the origin.
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Small control property

Small Control Property; scp

(Definition): A clf V(x) has a small control property, if there exists a continuos
control law «(z), defined around the origin, such that a,,(0) = 0 and

L;V(x)+ L,V (z)a.(z) <0, Yz +0

Continuity of Sontag-type controller for a clf with scp

If a cIf V() has a scp, i.e., if there is a continuous asymptotically-stabilizing
control law around the origin with a Lyapunov function, Sontag-type controller is
also continuous.

The proof is on the next slide.
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Small control property (cont.)

Proof:  Since the control law is real analytic except around the origin, we will
show the continuity only in the neighborhood of the origin.
From

LV <LV lacl, LV =0

les| < llaell + 4 /lecl® + 1LgVI2, - LV >0

On the other hand, it is obvious that

we obtain

Because a, and L,V are continuous, oy — 0 (z — 0). Therefore, a, is also

continuous.

If we can obtain a clf V(z) with scp, the Sontag-type controller can globally
asymptotically stabilizes the system. J
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Stabilizability and clf

We can get a necessary and sufficient condition of the global asymptotical
stabilizability.

Theorem

A smooth system 2 = f(x) + g(z)u (f(0) = 0) can be globally asymptotically
stabilized by a continuous state feedback, which vanishes at the origin, if and only
if there exists a clf with scp in a weak sense, where the clf must be infinity-times
differentiable, but does not have to be smooth.

The condition of clf is weakened due to the limitation of the converse Lyapunov
theorem.

Finally, we get the following result.

For a system that is globally asymptotically stabilizable by a state feedback having
small value near the origin, there exists a C'*°-class clf V' (x) with scp, and the
Sontag-type controller, which achieves the global asymptotical stabilization, is
continuous.
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Notations for ISS (1)

R*: Class of non-negative real numbers.

Class-X

A strictly increasing continuous function y: Rt — R* such that y(0) = 0 is called
to be a class-X function. )

Class-X

A class-X function : R™ — R* such that y(r) — oo (r — 00) is called to be a
class-X ., function.

(r) (r)

r r

Class-X , function Class-X" function but not class-X" function

A class-X ., function 7 has an inverse map v~ 1: Rt — RT.

= 4 — - o et
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Notations for ISS (2)

Class-X £

A continuous function 3: Rt x Rt — R" satisfying the following conditions is

called a class-X" £ function:

@ for any fixed s, the function ((:, s) belongs to class-X,

@ and for any fixed r, the function 3(r,-) is a descresing function such that
B(r,s) =0 (s — 00).
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Definition of ISS

Definition of input-to-state stability (ISS)
Cosider a nonlinear system
T = f(z,t) + g, (x, t)w,

where f(0,t) = 0. The system is called to be input-to-state stable (ISS), if for
any continuous w(t) (¢ > 0) and for any initial state z(0) the solution z(¢) exists
and there exist a class-X £ function (-, -) and a class-X function x(-) such that

(@)1 < B0ka(0)1, )+ x ( sup (D)), ¥t >o0.

v

@ The function 3(-,-) in the above inequality represents an effect, which decays
over time, of the initial condition.

@ The existence of the function x(-) means that if the disturbance w(t) is
bounded, its effect is also bounded.
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ISS for linear systems
The solition of a linear time-invariant (LTI) system & = Az + bw is
t
x(t) = exp(tA)x(0) + / exp((t — 7)A)u(r) dr.
0
Therefore, the ISS condition of the LTI systems becomes

[z(®)] < exp{(maXRe ) t}
+ [ leepiar (s )

Hence, if Re[A;(A)] < 0, the system is ISS. Furthermore, the converse is also true.

LTI system © = Ax + bw is ISS, if and only if all eigenvalues of A have negative
real parts. J

This ISS condition coincides with that of the usual stability of LTI systems.
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A necessary and sufficent condition of 1SS

Necessary and sufficent condition of ISS (Sontag & Wang 1995)

Nonlinear system @ = f(z,t) + g,,(x, t)w with f(0,¢) = 0 is ISS if and only if
there exists a function V(z,t): R™ x Rt — R*, class-X , functions v, (-), ¥ (:),
and p(-), and a class-X function () such that

n(lzl) <Viz,t) <(lzl),

V= (LV)(@,t) + (Ly, V)(z, hw < —y3([])  for |z] < p(fw]).

/“/1

~ 1 tovaep(lwl)

1% 72

V<o

(Bl

p(lwl)
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Another necessary and sufficent condition of ISS

We will only consider the time-invariant systems. Then, the condition

7 (lz]) < V() < v5(lz]) means that V(x) is a radially unbounded positive
definite function.

Necessary and sufficent condition of ISS (Sontag & Wang 1996)

A nonlinear system & = f(x) + g,,(z)w with f(0) = 0 is ISS, if and only if there
exists a radially unbounded positive definite function V' (z) such that

V < —a(a]) + b(|lwl),

where a(-) and b(-) are some class-X . functions.

V.

For any fixed |w]|

, V <0 holds in the domain |z| > a~" o b(|w]) + €(|w]), where

e(JJw|) is a small positive real number.
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Integral ISS and integral-integral criterion

e Max—Max criterion (ISS)

lz@®1 < Bz, ) + x(lw()l2,00)

e Integral-Max criterion (Integral ISS; ilSS)

l=(®)] éﬁ(llx(O)ll,tH/ X([[w(r)]) dr
0

o Integral-Integral criterion

/OO afz(m)]) dr < B(|lz(0)], ¢) +/ x([w(r)l)) dr
0 0

The Integral-Integral criterion is equivalent to the Max—Max criterion (ISS). J

Any ISS systems are ilSS. The converse is not true. )
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Input-to-state stabilization

Consider the following nonlinear system with input u and disturbance w:

&= f(z) +g,(@)w+g(x)u  (f(0)=0).

Objective of input-to-state stabilization

Find a feedback law u = «(z) such that the closed-loop system

& = f(@) + gu(@)w = {f(@) + g(x)a(@)} + g, (x)w

is ISS.
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ISS clf

Definition of ISS control Lyapunov function (ISS-clf)

A smooth radially unbounded positive-definite function V() is called an ISS-clf,
if there exists a class-X ' function p(-) such that

inf {L;V(z)+ L,V(z)u+ L, V(z)w} <0

ueR™

for any (z,w) satisfying ||z > p(|Jw|) and = # 0.

= There exists an input fulfilling the ISS condition.
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Necessary and sufficient condition for ISS clf

Necessary and sufficient condition for ISS clf

A smooth radially unbounded positive-definite function V(x) becomes an ISS-clf,
if and only if there exists a class-X . function p(:) such that

LV(z) + Ly, V(@)™ (lx]) <0

for x satisfyng L,V (z) =0 and x # 0

Proof: [Necessity] Assume that L,V (z) = 0. The original inequality must be

satisfied for w = {p~"(|z])/|IL, VI[}(L, V)", and it derives the condition.
[Sufficiency] Suppose that the above condition is satisfied. For (z,w) such that
|zl > p(|w]) and & # 0, the following inequality holds:

f{LV + LV -ut Ly Vewh Sinf{LpV + LV -u+ Ly, V] - Jw]}

(LyV(z) = 0)

<inf{L;V + LV -u+ L, Vi (2]} = {fo_ (LV(x) +0).

Hence, the original inequality is satisfied.
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Yet another necessary and sufficient condition of ISS

The condition on the previous slide derives a yet another ecessary and sufficient
condition of ISS for no input cases. Suppose that g(x) = 0, and apply the
condition on the previous slide to this case.

Necessary and sufficient condition of 1SS

A nonlinear system & = f(z) + g,,(z)w with f(0) = 0 is ISS, if and only if there
exists a radially unbounded positive definite function V(x) and a class-X
function such that

LV (@) + Ly, V(@) (Iz]) <0 (2 #0).
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Necessary and sufficient condition for ISS stabilization (1)

Necessary and sufficient condition for ISS stabilization

An analytic system & = f(z) + g(x)u + g,,(z)w is ISS stabilizable, if and only if
there exists an ISS-clf with scp (small control property).

Proof: [Necessity] Obvious from the result of Sontag and Wang.
[Sufficiency] The following Sontag-type controller makes the system ISS.

Sontag-type controller for ISS stabilization

w+ \/w2 +{(LV)(L,V)T}?
u=a(r)=4" (LV)(LV)T
0 (L,V =0),
w= LV +|L,, Ve~ (Jzl).

(L,V)T (L,V +0)

T # (ALBEXRZE KERIEREEMER) > 27 LIRS 2021 & HE—L 160 /161



Necessary and sufficient condition for ISS stabilization (2)

We will obtain V under the Sontag-type controller.
e Cases for L,V # 0: For (z,w) such that |z > p([w]),

V <Ly, VI{Iwl —p ()} — \/w2 +{LV)(L,V) T2 <0
e Cases for L,V = 0: For (z,w) such that |z|| > p(||w]) and = # 0,

V< L,V +|L, V]p~'(|z]) <0 <= Condition of ISS-clf

Hence, the closed-loop system is ISS.
Moreover, from the scp condition we can show that the control law is continuous,
as well as the cases of usual stabilization.
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